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Abstract 

We are discuss the behavior of Hofava-Lifshitz Cosmology with different matter content that is 
the dominant component of the Universe. 
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I. INTRODUCTION 



Searching for a quantum theory of gravity has been a fruitful field for theoretical physics 
in the last century. In this sense, Hofava proposed in Ref. [l| a new quantizable theory of 
gravity, using the ideas from solid states physics. This theory was originally called Horava- 
Lifshitz quantum gravity, that is a power-counting renormalizable theory with consistent 
ultraviolet (UV) behavior and, on the other hand, the theory has one fixed point in the 



infrared limit (IR), namely General Relativity 



Thus, this theory leads to a modifi- 



cation of the Einstein's general relativity at high energies producing interesting features in 
cosmology. The first ideas about this subject have been presented in Refs. |5|-[7| , where 
the cosmological consequences of Horava-Lifshitz cosmology were studied in a vast detail, 
see also Refs. js- 



25| . The new theory has virtues and defects, and its basis is basic ideas 



are not free of controversy [26i]. In this article we would like to address an interesting point 
concerning HL cosmology that is still an open problem. In particular, we are seeing a be- 
havior of HL cosmology for different kinds of matter content of the universe, such as dust, 
cosmological constant and phantom matter. The present paper is organized as follows. In 
Sec. I we discuss the Horava-Lifshitz cosmology for different kinds of the matter and also 
we present general settings and constrains in the theory. In Sec. II we analyze the role of 
stiff-like matter taken as the dominant at early times. Finally, in Sec. Ill we give some final 
remarks. 



II. HORAVA-LIFSHITZ COSMOLOGY 

Let us first to introduce a cosmological model under consideration, based on Ref. {2?^. It 
is well-known that in Horava-Lifshitz gravity we do not have the Hamiltonian constraint and 
therefore, from the formal cosmological point of view, also we do not have one Friedmann 
equation as in standard cosmology. Our starting point is the dynamical equation for flat 
FRW spacetime 

r] (2H + 3H^^ = -p, (1) 

where we introduced a parameter 

^ = ^ (3A - 1) , (2) 
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and A represents a dimensionless constant. The value of A is fixed by the diffeomorsphism 
invariance of four-dimensional general relativity. At this point, we would like to emphasize 
that in HL cosmology any value of the constant A is consistent with a foliation that preserves 



the diffeomorphism invariance. For example, it was shown in Ref. [28| that for 1/3 < A < 1 
(or equivalently < rj < 1) the scalar graviton is a ghost. An is absence of ghosts if A < 1/3 
(that is ?7 < 0) and A > 1 (or rj > 1). The field equation for matter fields is described by 
an energy non-conservation equation, and at high energy limit, or early times limit, we can 
write it in the following form 

p + 3H{p + P) = -Q. (3) 

Here Q represents the rate of energy non- conservation, and the low energy limit can be take 
only if Q — )■ 0. We can concluded that the energy non-conservation is an effect of high-energy 
physics. Now, equations ([T]) and ([2D contain enough information to describe a cosmological 
evolution of the spacetime, together with the equation of state p = up. Indeed, usinf this 
dynamical equation plus the non-conservation equation, we can obtain one first integral in 
the form 



3H' 



1 C{t) 
7] a-^ 



(4) 



That result can be interpreted as a Friedmann equation in HL gravity and the integration 
"constant" is given by 

C (t) = Co + - / dra" (r) Q (r) . (5) 

In order to obtain a cosmological description of this kind of theories, we would like to discuss 
first some known results from GR in the context of HL cosmology. The subscript indicates 
quantities today (to)- 

• Dust matter: p = i — )• a; = 



In this case, from ([T]) we find exactly the same solution for the Hubble parameter as in 
GR, i.e.. 



H{t) = Ho 
and for the cosmic scale factor reads 

a (t) = ao 



1 + -Ho {t - to) 



1 + -Ho {t - to) 



-1 



2/3 



(6) 



(7) 



In GR, it is well-known that, when w = 0, an evolution is described by an energy density 
proportional to a^^ and a formal solution identical to Eqs. and ([7]) can be obtained. 



However, in HL cosmology the energy density is not fixed by the non- conservation equation 
([3]). Additionally, we would like to metion that ([6]) and ([7]) are also solutions of ([1]) if we set 
p = and 7] is finite. Thus, these equations can also be seen as a self-decelerated evolution. 
In a nutshell, both u = and p = lead to the same solutions described by Eqs. (jH]) and 



Therefore, in case of dust matter we found that the effect of high energy physics is 
reflected in the fact that during the early stages, the rate of energy non-conservation is not 
constant Q{t) ^ 0, and we have an interchange of energy the between the mater of the 
universe and some unknown source. 

• Cosmo logical constant: to = —1. 

In this case, the conservation law reads 



and we recover GR in the limit Q (a — > oo) — )■ 0, i.e., p = const.. This is the "role" of the 
cosmological constant in HL gravity. 
• Phantom Evolution. 

In this case, starting from ([T]) we can write the following formal solution for the Hubble 
parameter 



p = -Q, 



(8) 





and if we take p (a) = po (a/ao) and /3 > 1, we get 




(10) 



and 




(11) 



so that, necessarily oo < 



By setting 



a;|po/3i/o' = (l + /3/3)r/, 



(12) 



we obtain the phantom solution given by 




(13) 
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It is worthwhile noticing that the solution ( [T3|) has a new region for the phantom evolution 
for the barotropic index a; < instead of the usual, more restrictive one u < —1. We also 
notice that if r/ — )• oo, then/3 — > — 3 and we can write 

HHa\^^ ^ H^o {^)\ (14) 
so that the phantom approach has no sense. According to 

r/=|c^|(po/3/fo')(l + /3/3)~'>l, (15) 

or 

\co\{po/3H^)>l + f3/3, (16) 

we concluded that the observational data do not allow fulfill the last inequality. On the 
other hand, if < ?7 < 1 (ghost scalar graviton), we have l^l (pq/SHq) < H-/3/3, and in this 
case we can have a phantom phase, provided we can accept an existence of a ghost scalar 
graviton. 

• General Settings. 



We are now interested in the limit — )■ oo (A — )■ oo) [28|]. In this case, we can distinguish 
several situations. For instance, if p is finite and rj ^ oo, from ([T]) we obtain exactly the 
same solution A giveN by (jS]) and ([7]), and the Hubble parameter becomes in this limit 

SH' = ^, (17) 

thus, a dust-like evolution with p do not vanish. We would like to notice that, if t — )■ oo and 
1] is finite, then 



3H^ (t ^ oo) ^ -p (t ^ oo) + 



{t oo) 



dra? (r) Q 



T 



-p {t — > oo) 



(18) 

if at least Q (t) decreases as a""^ (t) when a (t — )■ oo) — )■ oo. This condition on Q is consistent 
with the recovering of local invariance for the matter sector, where it is demanded that 
Q {a ^ oo) —7- and C (t — )■ oo) — Co (see (28|). Then, this is the only information about 
Q {to), that we can obtain. Therefore, our evolution equation for later times is given by 



1 , Co 
-Po + ^• 

rj a-^ 



(19) 



On the other hand, from ([T]) and (HI) we can write 



2 a3 2r] 



1 + w) p + — / dra^ (r) Q (r) 



to 



(20) 



so that if we take the hmit rj — > oo, and keep finite second term in fl20|) . we obtain 



H(a) 



Ho\ 1 + 



^) -1 

a / 



(21) 



Furthermore, if CoaQ ^ /3Hq < 1, we find 



H(a 



(22) 



To conclude, in case with 77 — )■ oo we find a de Sitter phase at late times. We also notice 
that this behavior can also be obtained if we choose u = —1 but keep rj finite, that is, 

lC{t) 



H 



2 a3 



^ (t -> 00) ^ 0, 



(23) 



given that in this limit C (t — 00) — )■ Cq. In another words, taking either rj — )■ 00, for all t, 
and or t — )■ 00 and r] finite, we arrive to a de Sitter phase at late times. 

To complete this point, we would like to comment about the acceleration of universe. By 
using the expression for if, as well as (jl]), we can write 

C(t) 



H + H' 



1 



[1 + 3u) p + r]- 



(24) 



and it is straightforward to check that 77 = 1 plus C (t) = implies the standard expression 
for the acceleration in GR. Also, if H + H"^ > 0, we must have a; < —1/3 , to avoid violating 
the weak energy condition (WEC) p > 0. Then, we can have quintessence, cosmological 
constant or phantom schemes. Now, if if + < then w > — 1/3 the WEC is fulfilled, 
then we have an evolution driven by dark matter. Finally when H + = we obtain the 
solution 

H{t)=Ho[l + Ho{t-to)r\ (25) 



i.e., u = —1/3 (string gas) as in GR. As a curiosity we notice that 

1 



H + H' 



aj=-l/3 



3 \'^Joj=-i 



(26) 



Finally, by setting H + = 0, we can write the following expression for the density of 
energy 

p it) = po (a/ao)-' + 1^^^ . 4^ r dra' (r) Q (r) , (27) 

r]\l + 3uj\ a-^ Jt^ 

where Co = |1 + SwI p^a'^^ and uj < —1/3, and we find that pit ^ oo) — )■ po [cl/^qY^ ^ i- e., 
a dust-like behaviour at late times is driven by a a; that is dark energy-like. 



III. STIFF-LIKE MATTER AS THE DOMINANT TERM AT EARLY TIMES 

In this section we are explicitly including the curvature effect and through the term of 
the form ~ in the equations, that is, a new equation to handle is 

?,r^H- = p-^. (28) 

Similarly as before, the parameter rj can take any value in HL cosmology. The dynamical 
equation, therefore can be written as 

7] (2H + 3if2) = -up + (29) 

where a is a constant and k is the spatial curvature. From Eq. f l28p . it follows that, if 
k = —1, there is the constraint p (a) > aa~^. From Eqs. (l28l) and (129|) we obtain the 
conservation law 

P + 3H (l + tu) p = 0, (30) 

as well as the equation 

H + 3H^ = ^{l-uj)p. (31) 
Zr] 

Furthemore, taking u = 1 (usual stiff matter; p = p) we find the following solution for the 
Hubble parameter and the scale factor, respectively, 

H{t) = Ho[l + 3Ho{t-to)r\ (32) 



and 



a{t) = ao[l + 3Ho{t-to)f'. (33) 



In order to the implications of this result, we are compare it to standard GR, and the 
equations 3H^ = p and p + 6Hp = (w = 1) that lead ( 132|) and ( 133|) . Thus replacing ( 132|) 
and f l33|) in fl28|) . we obtain for a; = 1 

3r]H^ = (po ± aao^) (ao/af . (34) 
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Since the curvature of the spatial section is k = =f1, the last equation gives a bounf a < poa^, 
and from fl30|) we get 

p (a) = po (flo/ a)^^^"^'^-' . (35) 



Furthermore, replacing (!35|) into (!28|) yields 



i/^ (a) = ^ 



a 



ao 



and the positivity of H leads to (for A; = 1) 



a < a, 







(36) 



(37) 



We conclude that there is an upper bound for a. On the other hand, if we take w = — 1, we 
obtain 



a > 



1/6 



(38) 



i.e., a is bounded from below. 

Finally, we want to analyze a Universe that contains a mixture of a stiff-like matter and 
cosmological constant, 

3r]H'^ = p 



- - + A, 
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and 



ak'^ 

ri{2H + 3H''] =-cop + -^ + A. 



In consequence, we obtain the equation 



1 



H + 3H^ = [(1 - w) p + 2A] 

27] 



(39) 
(40) 

(41) 



For = 1, the solution is 



H (t) = VaTs^ 



1 + Ao exp 


-2y/3A/T] (t-to) 


1 — Aq exp 


-2^3A/r] (t-to) 



where we denoted 



Ao = (Ho - ^/A/3^] [Ho + ^/A/3^ 



(42) 



(43) 



We concluded that, in case of the mixture between stiff-like matter and cosmological con- 
stant, the general solution is /c-independent. 

In what follows, we analyze the sgn(Ao) in order to discuss the cosmological evolution. 



For example, when Aq = 0, the Hubble constant is if = ^/A/Sr/ = const., that corresponds 
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to the early de Sitter phase. Furthermore, we note that there is no singularity in H (t) for 
Aq > 0. The deceleration parameter in GR is written as 

f h\ 1 , , 1 , A 



and in H-L, from Eqs. fl39|) and f HOj) . as 

,= l(H.3.) + (.-l)-^-(. + l)^, (45) 

again, if we use the stiff matter condition u = 1, from ( H4|) we obtain 



g = 2 - {GR at all the times) , (46) 



whereas H'^ is given by ( 132|) . and from fj45l) we find 

g = 2 ^ {H Latearly times) , (47) 

where if^ is given by (l42l) . We concluded from Eq. ( I45l) . u; = 1 cancels the term containing 
a . Moreover, if we set k = 0, combining (l39ll and ( l40l) we gives if = const., this results 
if w = — 1, matches GR result given that the "structure" of the equations are the same in 
both theories. 



IV. FINAL REMARKS 

In this article we study a cosmological model inspired by Horava-Lifshitz cosmology 
scheme. We have found that the solution of the cosmological equation in Hofava-Lifshitz 
gravity, in case of the dust matter (w = 0), is exactly the same as one obtained in general 
relativity. However, a behavior of energy density is different than the one obtained in 
general relativity. We, also found a constraint that enables to determine the value Co from 
the observational data. At this point, we show that during the early universe, or at high 
energies, the equation that governs the matter evolution is a non energy conservation that 
contains an information about a kind of theory that we are dealing with. In the case of 
a the universe dominated by a cosmological constant we found an explicit solution for the 
Hubble parameter and that shows that its late behavior correspond to a de Sitter phases. On 
the other hand, for phantom matter we found that the corresponding interval for phantom 
evolution {u < —1) was changed by a new one that allows to cross this limit to a; < . 
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Finally, for a general behavior of the barotropic index (arbitrary u) that described the EoS 
of the matter. Furthermore, we showed that if we required a de Sitter phase at the late 
evolution of the universe, then the barotropic index is located in the phantom zone, u < — 1, 
but for the matter that satisfies the strong energy condition (p > 0) in that cases, the Hubble 
parameter does not show any singularity, contrary to big rip that usually appears in case 
of phantom matter. We also discuss possible values of the parameters of the model. To 
complete our discussion, we study a behavior of the stiff-like matter as dominant at early 
times, and we obtain an upper bound and for the cosmological factor. However, in case of 
a mixture of stiff like matter and cosmological constant term our solution is independent on 
the curvature parameter. 
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